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We study the phase diagram of a 2-leg bond-alternation spin-(l/2, 1) ladder for two different config- 
urations using a quantum renormalization group approach. Although d-dimensional ferrimagnets 
show gapless behavior, we will explicitly show that the effect of the spin mixing and the bond- 
alternation can open the possibility for observing an energy gap. We show that the gapless phases 
of such systems can be equivalent to the 1-dimensional half-integer antiferroamgnets, besides the 
gapless ferrimagnetic phases. We therefore propose a phase transition between these two gapless 
phases that can be seen in the parameter space. 
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I. INTRODUCTION 

Since the seminal work of Haldaneu quantum spin 
chains have been extensively studied as one of the sim- 
plest but most typical quantum many-body systems. 
According to Haldane, the 1-dimensional integer-spin 
Heisenberg antiferromagnets have a unique disordered 
ground state with a finite excitation gap, while hal 
integer antiferromagnets are gapless and critical (seel 
and references therein). The origin of the difference 
between half-integer and integer spin chains can be 
traced back to the topological "6'" term in the effective 
non-linear cr-model description of antiferromagnetic spin 
chains and is believed to be due to non-perturbative ef- 
fects. Haldane's original predictions were based on large- 
spin arguments and although a general rigorous proof 
is still lacking, several theoretical developments have 
helped to clarify the situation and there is now strong 
experimental, and numerical evidence in support of Hal- 
dane's clairro Q. The massive phase of the integer spin 



chains, called Haldane phase, has been understood as 
valence-bond-solid (VBS) states proposed by Affleck et 
aLB, wherein each spin-S" is viewed as a symmetrized 
product of 25 spinors. However bond-alternation may 
drastically change the low-energy behavior of these sys- 
tems and produce phase transitions. For instance a bond- 
alternation spin-1/2 antiferromagnet chain has a-jfinite 
energy gap as opposed to its uniform counterpartS'Ll. It 
has been also shown that the phase diagram of the S = 1 
chain decomposes into different phases by adding bond- 
alternationEl. 

Yet another challenge in this area has led to synthesiz- 
ing quasi-one-dimensional bimetallic molecular magnets. 
The search for molecular ferromagnet has led to the dis- 
covery of many interesting molecular magnetic systems. 
In recent years, quai-one-simensional bimettalic molec- 
ular magnets, with each unit cell containing iwo spins 
of different spin value have been synthesizedcl. These 



systems contain two transition metal ions per unit cell 
and have the general formula ACu(PbaOH)(H20)3.2H20 
with PbaOH=2-hydroxo-propylenebis (oxamato) and 
A=Mn, Fe, Co, Ni. They have been characterized as 
the alternating (mixed) spin chains or ferrimagnetal3. It 
has been shown that one-dimensional ferrimagnets have 
two types of excitations in their low-lying spectrum. The 
lowest one has gapless excitations, i.e., they behave like 
ferromagnets with quadratic dispersion relation. The 
other one which is separated by an excitaion gap from 
the primer one, has antiferromagnetic behaviour with 
linear dispersion relationlHl. More precisely, the effective 
Hamiltonian for the lowest spectrum of a 1-dimensional 
Heisenberg ferrimagnets is a 1-dipiensional Heisenberg 
ferromagnet with S* = |5i — S'2|li3. A spin wave study 
also show tiij3 similar behavior is seen in two and three 
dimensionsE3. 

Another surprising investigation deals with spin lad- 
ders which lia,ve recently attracted a considerable amount 
of attentionllj. They consist of coupled one-dimensional 
chains and may be regarded as interpolating truly one 
and two-dimensional systems. These models are useful 
to study the properties of the high-Tc superconductor 
materials. Theoretical studies have suggested that there 
are two different universality classes for the uniform-spin 
ladders, i.e., the antiferromagnetic spin-1/2 ladders are 
gapful or gapless, depending on whether ni (the num- 
ber of legs) is even or oddtj. These predictions has been 
confirmed experimentally by compounds like SrCu203 
and Sr2Cu305. However, again bond-alternation changes 
this universality. It has been shown that a gapless line 
which depends on the staggered bond-alternation (SBA) 
parameter 7, divides the gapful phase of a 2-leg antiferm- 
magnetic spin-1/2 ladder into two different phasesa,li3. 
Moreover, there are some other configurations, like the 
columnar bond-alternation (CBA) [see Fig. |](a)] that ia- 
troduces new phases for the antiferromagnetic laddersll3. 
The appearance of the magnetization plateaus for both 



chainal3 and ladderstSl £tnd the appearance of the new 
phases for spin laddersllj, are also some of the conse- 
quences of the bond-alternations. 

In this paper, we study the bond- alternation ferrimag- 
netic ladders (BAFL). This model contains a rich phase 
diagram. By piaking use of a quantum renormalization 
group (QRG)c3, we demonstrate that the combination 
of both spin-mixing and bond-alternation may open the 
possibility of observing the energy 'gap' in the ground 
state of these systems. We obtain the phase diagram 
of BAFL in both SB A and CBA configurations. The 
SBA configuration consists of a gapfuU and two gapless 
phases, while the CBS one is composed of two gapless 
phases. The boundary of these phases where phase tran- 
sition takes place is calculated by QRG method. By using 
QRG we have obtained the effective Hamiltonian in both 
strong and weak coupling limit of BAFL. We have also 
shown the structure continued in the intermediate region. 

The paper is organized as follows. In Section II, we 
present the effective Hmiltonian of CBA configuration 
by QRG method. We show that the phase transition oc- 
cures in the J' < region. In Sec. Ill, we then present 
the SBA aconfiguration of ferrimagnetic ladder and dis- 
cuss the structure of phase diagram in both positive and 
negative J' region. Sec. IV. is devoted to conclusions. 



II. COLUMNAR BOND ALTERNATION 

Our model consists of mixed spins t = 1/2 and S = 1 
on a 2-leg ladder (see Fig. Il|). The Hamiltonian for this 
system can be divided into three parts: H — H\+H\+H, 



By QRG, we divide the Hamiltonian into intra- block 
{H^) and inter-block [H^^) parts. After diagonalizing 
the first part, a number of low-energy eigenstates are 
kept to project the full Hamiltonian onto the renormal- 
ized one. As opposed to other powerful techniques, such 
as the density matrix renormalization group (DMRG)EJ, 
the QRG approach is much less complicated yielding an- 
alytical results, although QRG does not give as accu- 
rate numerical results as DMRG, nevertheless its sim- 
plicity caa give a good qualitative picture of the phase 
diagramE3. In this paper four interesting configurations 
are in order: positive and negative value of J' for both 
CBA and SBA configurations. 



A. The case J' > 

The CBA configuration [Fig. |I|(a)] and J' > 0. Let us 
first consider the strong coupling limit {J' 3> J). Since 
the interaction between two sites on each rung is strong, 
then each rung can be considered as the isolated block in 
the first step of the QRG, i.e., H^ = H^. The Hilbert 
space of each block (r — S) consists of two multiplets 
whose total spin are 3/2 and 1/2. The corresponding 
energies for these two configurations are J'/2 and —J'. 
Therefore we keep the S = 1/2 multiplet as the basis for 
constructing the embedding operator T to project the full 
Hamiltonian onto the truncated Hilbert space (-ffcff = 
T^HT)c3. Finally the effective Hamiltonian (in which 
each rung is mapped to a single site) can be obtained 

N/2 



where Hi (/i = 1, 2), and Hr are the exchange interac- ^icff - ~ ^J' ~ q'^zJt^^ + 7)'5"(2i - 1) • S'{2i) 



tion of the spins inside the /xth leg, and the interaction 
between different legs, as shown in Fig. |l|. The explicit 
form of the Hamiltonian is 

N/2 

H{^jJ2[il + 7)n(2i - 1) • Si{2i) 

4 = 1 



+ {l-j)S'{2i)-S'{2t + l)], 



(2) 



m 



+ {l-j)Sii2i)-ni2i + l)] 

N/2 

= J^[(1 + 7)S^2(2^-1)•T2(2^) 
j=i 



+ {1 - j)T2{2i) ■ S2{2l + 1)] 
N/2 

Hr = J'Y^[ni2i - 1) • 5^2(2?; - 1) 

i=l 

+ Sii2i) ■ T2i2i)] 



(1) 



The ladder contains N rungs and by assuming the pe- 
riodic boundary condition for each leg, we identify the 
first rung to the TV -I- 1-th rung. Through out this paper 
we assume J is positive but J' can be positive or neg- 
ative as a tunable parameter. Note that for the bond- 
alternation parameter, 7 — > —7 amounts to sublattice 
exchange n -^ n+1, and therefore we consider < j < 1. 



where 5" = 1/2 and i is the label of the sites on new chain 
which represents the ith rung of the original ladder. Eq. 
(g) is the Hamiltonian of a spin- 1/2 (bond- alternation) 
ferromagnetic chain. It exhibits gapless excitations as 
well as the ferromagnetic ground state. Equivalently, the 
original ladder exhibits the ferrimagnetic ground state, 
in the sense that both magnetization (m =< t > + < 
S >= 0.5) and the staggered one {sm —< S > — < 
T >= 5/6) are non-zero with a gapless excitations. 

Now, let us consider the weak couphng limit (J' ^ J). 
In this case the stronger bonds, e.g. J(l + 7), appear on 
the legs. They are considered as the isolated blocks. The 
other bonds (the weaker ones) are considered as H^^. 
The QRG procedure leads to the Heisenberg (spin-1/2) 
ferromagnet ladder. In this regime the spectrum of the 
system is similar to the strong coupling limit. 

For the intermediate region where J' ~ J, the two 
types of blocking which has been considered in the strong 
and weak coupling limits seems to be not suitable. In this 
regard we have considered a 4-sites block which consists 
of both rung and leg interactions [Fig.0 (a)]. Decompo- 
sition of ladder to 4-sites blocks leads to two types of 



building blocks, which is shown in [Fig.|| (b)] and [Fig.g 
(c)]. The lowest energy multiplet of the Hamiltonian in 
[Fig.|| (b)] has total spin S = 5/2 and the corresponding 
one in [Fig.g (c)] has r' = 1/2. The embedding opera- 
tor is constructed from these two multiplets and finally 
the effective Hamiltonian (iJoff = T^HT) is a (1/2, 5/2) 
fcrrimagnetic chain. 

9 40 ^' 

H^-eff = -^NJ + ^Jj2if'i2z - 1) • ^(2*) 



63 . ^ 

§{2i) ■ T'{2i + 1)] 



(3) 



In the next step of QRG procedure the Hamiltonian in 
Eq.(^-|is projected to a S* = 2 ferromagnetic Heisenberg 
chaintS. 



Heff{S^2) 



40 



N/4 



J+^JY.^(') + ^{^ + l) (4) 



Thus the magnetization (m) and staggered magneti- 
zation (sm) of the original ladder in the intermediate 
regime are : m ~ 0.2292 ; sm ~ 0.4514, which shows fer- 
rimagnetic order. We therefore find the different regimes 
have similar structure (the ferrimagnetic ground state 
with the gapless excitations) as long as J' is positive. 

B. The case J' < 

This configuration has more interesting features. Let 
us first consider the strong coupling limit where H^ is 
constructed by Hr- Since J' is negative the low-energy 
multiplet has total spin 3/2. Thus this subspace is con- 
sidered as the effective Hilbert space for the first step 
of the QRG. The effective Hamiltonian (7l2off) can be 
obtained by projecting each operator onto the effective 
Hilbert space 

NJ' 4 "^Z' 
H2.S = ^- + ^ J^td + 7)5"(2* - 1) • S'\2^) 



9 



+ (1 - 7)5"(2i) • S"i2i + 1)] 



(5) 



where S" is a spin 3/2. Hamiltonian ^ is a 1- 
dimensional Heisenberg spin-3-^2 antiferromagnet with 
alternating bonds. It is knownQ that this model is gap- 
ful when 7 > 7c and gapless otherwise. Although the 
one-, two- and three-dimensional ferrimagnets show gap- 
less behavior, the combinations of the spin- mixing and 
bond-alternations yields the possibility for developing of 
an energy gap. This cap-be compared to the spin-1/2 
CBA Heisenberg laddersEJ where the model is gapful in 
the whole range of parameter space (J, J', 7) except on 
a critical line, in the region where J' is negative. In the 
next step of QRG, H2cS will be projected to a spin-1/2 
XXZ model in the presence of an external magnetic field 



(h). It is knowncilthat XXZ+h model has the critical line 
he = A+1, where A is the anisotropy in the i-directionE3. 
If ft, > he [h < he) the model is gapful (gapless) and the 
value of gap is proportional to the strength of magnetic 
field. We find that 7^ = 3/7(~ 0.428) for our model 
which is close ta,the DMRG results (~ 0.42) for spin-3/2 
dimerized chainEI. Therefore in the ferromagnetic region 
(J' < 0) and strong coupling (| J'| ^ J) there is a criti- 
cal value for 7 below which (7 < 7c) the BAFL is gapless 
and its ground state has quasi-long range order (quasi- 
LRO) where both m and sm are zero and correlations 
decay algebraically. This is equivalent to the uniform 1- 
dimensional spin-3/2 antiferromagnets. For 7 > 7c the 
model is gapful. 

In the weak coupling limit (|J'| -C J), the strongest 
bonds, e.g. J(l -I- 7), of the ladder are considered as 
building blocks of QRG, and the remaining bonds are 
treated as H^^. The effective Hamiltonian in this case 



IS 



SI T'\ ^^^ 

^ 1=1 



4J(l-7) 



t)-S!,{i) 

N/2 



i=l /j=l,2 



(6) 



Here 5" = 1/2 and we have neglected a constant term. 
The effective Hamiltonian (ilsoff) is a 'double-layer' 
model of spin-1/2. Neglecting the inter-site terms (for 
a moment), each couple of sites has ajnultiplet of states 
with total angular momentum ^ = 0, lE3, where each pair 
of inter-layer spins on the two layers, behaves like a single 
quantum rotor where L = Si + S2 and ft = {Si — S2)/2S. 
Considering the intra-layer terms, one may map the 
Hamiltanian (g) to that 1-dimensional quantum rotor 
modelcJ 



N/2 



N/2 



Hses = ^^Lf - K ^{n, ■ fii+i + L, ■ L,+i), (7) 

where g = 16| J'|/9 and K = 4J(l-7)/9. The mean field 
phase diagram of this model is governed by the gapped 
quantum paramagnet when 7^1 and the partially po- 
larized ferromagnet when 7 — » 0. The dominant term 
of the first limit is the antiferromagnetic exchange term 
along the rungs which makes singlets as the base struc- 
ture for ground state of the renormalized ladder. Thus 
the ground state is unique and has a finite energy gap to 
the first excited state. This gapful phase occurs in the 
region where \J'\/J ^1—7, which is the continuation 
of the gapful phase in the strong coupling limit. Thus 
we have no-LRO in the ground state of the original lad- 
der and finite gap in this region. For the latter limit, 
there is a competition between the ferromagnetic term 
and the antiferromagnetic term in (^. Note that the 
dominant term in H^eS is the ferromagnetic interaction 
along the legs. Then the ground state is composed of 



two ferromagnetic ordered chains which are ahgned op- 
positely due to antiferromagnetic interaction (8|J'|/9). 
But this classical antiferromagnetic alignment fluctuates 
along the i-axis and the magnetization is reduced along 
this direction. 

In the intermediate region (where \J'\ ~ J) , the ladder 
is decomposed to 4-sites plaquettes if 7 ^ 1. Note that 
5^ = is the unique ground state of any 4-site plaquette 
at 2J = — J' = 1 (one may see this after diagonalizing 
the Hamiltonian). But every plaquette is on the Sz = 
state, since the ladder is disconnected. This ground state 
is not degenerate and disorder (with no-LRO) and there 
is a finite energy gap to the first excited state. In other 
words the whole gapful phase of the ladder is in the VBS 
phase. 

On the other extreme case, when 7 is negligible, the 
gapless phase behaves differently in long wave-length 
limit. Let us first suppose |J'| > J. In this case, each 
rung behaves as a spin-3/2 (after the first step of the 
QRG), since the spins on the same rung are coupled 
by the ferromagnetic interaction (J' < 0). Hence the 
whole ladder is identified by a Heisenberg spin-3/2 an- 
tiferromagntic chain. The ground state is gapless with 
quasi-LRO, and the correlation functions falls off alge- 
braically (the correlation length ^, is infinite). But if 
I J' I < J the ladder can be considered as two quantum 
ferrimagnetic chains that interact via weak ferromagnetic 
coupling (through their rungs). The correlation length 
is small and the correlation functions falls off exponen- 
tially. One may naturally expect that at \J'\ ~ J a 
phase transition is observed between two gapless phases. 
One phase is the half-integer quantum antiferromagnets 
(when I J' I 3> J) with ^ = 00 and quasi-LRO and another 
phase is the ferrimagnetic phase (when \J'\ <^ J) with 
^ ~ a (a is the lattice spacing). The order parameter 
to specify this phase transition is m = |?7ii — rn2\, where 
TO]^(2) is the magnetization per site of the 1-st (2-nd) leg 
of ladder, m is zero where (J' /J) < —1 and m = 0.5 for 
{,]'/,]) > —1. The total magnetization (m) and staggered 
one (sm) are zero on both side of this critical line. This 
completes the phase diagram of the CBA configuration. 
It is depicted in Fig. ||(a). 



III. STAGGERED BOND ALTERNATION 

A. The case J' > 

The SBA configuration is shown ind [Fig. |l](b)]. In 
this region the effective Hamiltonian shows ferromagnetic 
behavior [similar to the CBA (J' > 0) configuration ] 
and the ladder behaves like the gapless ferrimagnets. As 
an example, we may apply the "snake mechanism" of 
referenced: choosing 7 = 1 and J' = 2J the ladder 
degenerates into a uniform alternating spin-1/2 — 1 fer- 
rimagnetic chain which has gapless excitations. More 



precisely the effective Hamiltonian {Hieff) in the strong 
coupling limit {J' ^ J) is 



N 



H. 



i^ff 



NJ'--JJ2S'{^)■S'{^ + l) (8) 



where 5" — 1/2 and the block Hamiltonian for QRG pro- 
cedure is considered to be Hr- In the weak coupling 
limit (J' ^ J) where the strongest bonds are J(l -t- 7), 
the QRG procedure leads to a strip of triangular lattice 
as the effective Hamiltonian (H^eff)- 



^5eff 



2 N 



ff,,,, = -Nj{i + 7) - - j(i - 7) E E ^^(*) • ^> + 1) 

/J.— 1 i—l 



4., 



N 



i—l 

The effective Hamiltonians {H^eff , H^^ff) are S = 1/2 
ferromagnetic Heisenberg model. Thus in both of these 
cases the model has gapless excitations. Since both of m 
and sm are not zero, we have ferrimagnetic order in the 
whole part of (J' > 0) region. 



B. The case J' < 

In this region and at the strong coupling limit (| J'| 3> 
J) the ladder is mapped to a uniform Heisenberg spin-3/2 
antiferromagnetic chain, where the alternation parame- 
ter is disappeared at the first step of the QRG. Thus 
the whole range of 7 (s [0, 1]) is gapless and disordered. 
The system exhibits quasi-LRO with ^ = 00. But when 

J' I <^ J, the effective Hamiltonian is equivalent to a two 
1-dimensional spin-1/2 ferromagnetic Heisenberg chains. 
These two chains interact by an antiferromagnetic cou- 
pling on a triangular ladder as shown in Fig. yj(c). At 
7 = 1 the ladder transforms to a 1-dimensional spin-1/2 
antiferromagnetic chain which is gapless with quasi-LRO. 
But at 7 = (where the CBA is equivalent to SBA) the 
ladder is equivalent to two ferromagnetic chain which are 
coupled antiferromagnetically. It represents a ferrimag- 
netic phase where ^ ^ a. As we have illustrated above the 
competition between the coupling constants in Fig. Wc) 
leads to one of the above extreme cases. In other words, if 

J'l/ J > 1 — 7 the system is equivalent to the Heisenberg 
spin-1/2 antiferromagnetic chains. For another opposite 
limit, the system is equivalent to the Heisenberg ferri- 
magnetic chains. The dashed line in Fig. 2(b) which 
separates these two phases, represents the critical line. 



IV. CONCLUSION 

In summary, we have obtained the phase digram 
(J'/ J, 7) of a 2-leg bond-alternating (1/2,1) ferrimag- 
netic ladder. In CBA configuration, Fig. 1(a), there 



exists a gapful (VBS) phase which is separated from 
two different gapless phases by the critical hnes. The 
phase transition between gapless phases takes place when 
J' /J - -1. For the SB A configuration, Fig. 1(b), the 
whole phase diagram is gapless. One phase contains 
the ferrimagnetic behavior and another one is equiva- 
lent to the Heisenberg spin-1/2 antifcrromagnetic chains. 
In the latter region, the correlation function falls off al- 
gebraically. The transition between these two gapless 
phases takes place when J' / J ~ (7 — 1). 

Although the (1/2,1) ferrimagnetic system is cond- 
sidered as a generic model for all {81,82) systems, we 
have found that this is not longer true in ladders if one 
considers the bond-alternation effects, where both spin- 
mixing and bond-alternation may change the quantum 
phase transitions. The dependence on different spins and 
the number of legs should be considered in future inves- 
tigations. 



ACKNOWLEDGMENTS 

We would like to thank H. Hamidian, Hsiu-Hau Lin 
and G. Sierra for helpful discussions and useful com- 
ments. M.A. acknowledges support from EPS-9720651 
and a grant from the Oklahoma State Regents for Higher 
Education. M.A.M.-D. is supported by the DOES Span- 
ish grant PB97-1190. 



1 F. D. M. Haldane, Phys. Rev. Lett. 50, 1153 (1983); Phys. 

Lett. A93 , 464 (1983). 
^ E. Fradkin, Field Theories of Condensed Matter Systems 

(Addison Wesley, 1991). 
^ I. Affleck, J. Phys. Condens. Matter 1, 3047 (1989). 

A. Auerbach, Interaction Electrons and Quantum Mag- 
netism (Springer- Verlag, New York, 1995). 
^ I. Affleck, T. Kennedy, E. H. Lieb and H. Tasaki; Phys. 

Rev. Lett. 59, 799 (1987). 
® M. Kohmoto, M. den Nijs and L. P. Kadanoff, Phys. Rev. 

B24, 5229 (1981). K. Hida, Phys. Rev. B45, 2207 (1992); 

L Affleck, Nucl. Phys. B257, 397 (1985). 
■^S. Yamamoto, Pliys. Rev. B55, 3603 (1997); M. Yajima 

and M. Takaliashi, J. Pliys. Soc. Jpn. 65, 39 (1996). 
* R. R. P. Singh and M. P. Gelfand, Pliys. Rev. Lett. 61, 

2133 (1988); A. Kitazawa, K. Nomura and K. Okamoto, 

Phys. Rev. Lett. 76, 4038 (1996). 
^O. Kahn, Molecular Magnetism (VCH, New York, 1993); 

O. Kahn, Struc. Bonding (Berlin) 68, 89 (1987). 
^^ O. Kahn, Y.Pei, M. Verdaguer, J. P. renard and J. Sletten, 

J. Am. Chem. Soc. 110, 782 (1988); Van Koningsbruggen, 

O. Kahn, K. Nakatani, Y. Pei, J. P. Renard, M. Drillon 

and P. Leggol, Inorg. Chem. 29, 3325 (1990). 
^^ A. K. Kolezhuk, H.-J. Mikeska, and S. Yamamoto, Phys. 

Rev. B55, R3336 (1997); S. Brehmer, H.-J. Mikeska 



and S. Yamamoto, J. Phys. Cond. Matt. 9, 3921 (1997); 
S. K. Pati, S. Ramasesha, and D. Sen, Phys. Rev. B 55, 
8894 (1997); J. Phys. Cond. Matt. 9, 8707 (1997); S. Ya- 
mamoto, S. Brehmer and H.-J. Mikeska, Phys. Rev. B57, 
13610 (1998); S. Yamamoto and T. Fukui, Phys. Rev. B57, 
R14008 (1998); S. Yamamoto, T. Fukui, K. Maisinger and 

U. SchoUwock, J. Phys. Cond. Matt. 10, 11033 (1998)^ 

^^ M. Abolfath, H. Hamidian and A. Langari, cond 



mat/9901063 . 

" E. Dagotto and T. M. Rice, Science 271, 618 (1996). 

" M. A. Martin-Delgado, R. Shankar and G. Sierra, Phys. 
Rev. Lett. 77, 3443 (1996). 

^^ M. A. Martin-Delgado, J. Dukelsky and G Sierra, Phys. 
Lett. A 250, 431 (1998). 

^'^ K. Totsuka and M. Suzuki, J. Phys. Condens. Matter 7, 
6079 (1995). 

^■^ K. Hida, J. Phys. Soc. Jpn. 63, 2359 (1994); M. Oshikawa, 
M. Yamamoto, and I. Aflleck, Phys. Rev. Lett. 78, 1984 
(1997). 

^* D. C. Cabra, A. Honecker and P. Pujol, Phys. Rev. Lett. 
79, 5126 (1997); Phys. Rev. B58, 6241 (1998). 

^^ A. Koga, S. Kumada, N. Kawakami and T. Fukui, J. Phys. 
Soc. Jpn. 67, 622 (1998). 

^''K. G Wilson, Rev. Mod. Phys. 47, 773 (1975); G Sierra 
and M. A. Martin-Delgado, Strongly Correlated and Su- 
perconducting Systems, Lecture Notes in Physics vol. 478 
(Springer, Berlin 1997) and references therein. 

^^ S. R. White, Phys. Rev. Lett. 69, 2863 (1992); Phys. Rev. 
B48, 10345 (1993). 

^^A. Langari, Phys. Rev. B58, 14467 (1998); A. Lan- 
gari, Phys. Lett. A246, 359 (1998); A. Drewinski and 
J. M. J. van Leeuwen, Phys. Rev. B49, 403 (1994); 
A. Drewinski and R. Dekeyser, Phys. Rev. B51, 15218 
(1995). 

^^ J. Gonzalez, M. A. Martin-Delgado, G Sierra, and 
A. H. Vozmediano in: Quantum Electron Liquids and High- 
Tc Superconductivity, Lecture Notes in Physics, Vol 38 
(Springer, Berlin, 1995) Ch.ll. 

^■^ C N. Yang and C P. Yang, Phys. Rev. 150, 321 (1966). 

^^ For the low energy properties of interest in this paper, the 
upper bound do not play an important role. 

^^ S. Sachdev and T. Senthil, Ann. Phys. 251, 76 (1996). 

FIG. 1. The ladder realization r = 1/2 and S = 1, 
(a) Columnar bond-alternation (CBA), (b) staggered 
bond-alternation (SB A), (c) schematic illustration of effec- 
tive Hamiltonian in SB A configuration at \J'\ <C J, (where 
S' = 1/2). 



FIG. 2. (a) Decomposition of ladder into 4-sites blocks in 
the intermediate region (J ^ J'), (b) three spin-1 and a 
spin-1/2, (c) three spin-1/2 and a spin-1 



FIG. 3. Phase digram of bond-alternation ferrimagnetic 
2- leg ladder, (a) Columnar bond-alternation (CBA), (b) stag- 
gered bond-alternation (SBA), solid line is the critical line 
between gapless and gapful phases and the dashed one shows 
the critical line between two gapless phases. 
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